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Exact Solutions for Static Analysis of Intelligent Structures

M. C. Ray,* R. Bhattacharya,{ and B. Samantat
Indian Institute of Technology, Kharagpur 721302, India

Exact solutions for static analysis of simply supported rectangular plate-type intelligent structures are
presented. The intelligent structure proposed here is composed of a laminated substrate of graphite/epoxy
composite coupled with distributed sensor and actuator layers of a biaxially polarized piezoelectric polymer,
polyvinylidene fluoride (PVDF). The study aims at investigating the capability of the actuator and sensor layers
to cause and sense the deformations, respectively, of the substrate of the intelligent structure. The results show
that the effectiveness of the piezoelectric actuator layer to cause induced strain actuation in the structure
significantly increases with the decrease in the length to thickness ratio of the substrate.

Introduction

N intelligent structure is made up of a purely elastic

material, called the substrate, integrated with distributed
actuators and/or sensors. This structure is capable of achiev-
ing shape control as soon as it is deformed. A recent trend
shows the effectiveness of piezoelectric materials as both dis-
tributed sensors and actuators. These materials induce an
electric potential/charge when they are subjected to a mechan-
ical deformation by virtue of the direct piezoelectric effect and
are deformed due to the externally applied voltage/charge by
virtue of the converse piezoelectric effect.

So far several papers have been devoted to the study of
intelligent structures. These include analytical treatment with
some assumptions or approximate techniques. Broadly, in all
of these papers, the attention is focused on the study of the
- nature of the distributed sensing of deformations and induced
strain actuation of the load bearing structures, such as plates
and beams. A good account of these papers may be found in
a recent paper by Ray et al.! and in the technical reports by
Ray et al.2? Exact solution for static analysis of intelligent
structures under cylindrical bending is presented in a recent
work.2 However, the exact solution for the analysis of intelli-
gent structures under more general deformations is not avail-
able. Ray et al.? obtained the exact solution for static electroe-
lastic behavior of a piezoelectric material, polyvinylidene
fluoride (PVDF). The three-dimensional effects of the applied
voltage in this material can be used as a guideline to study the
performance of this material when coupled with a substrate
(i.e., the load bearing structure) to form an intelligent struc-
ture.

In this paper the authors present the exact analysis of
simply supported rectangular plate-type intelligent structures
without making any assumption about how the piezoelectric
sensor and actuator layers are deformed. The intelligent struc-
ture proposed here is treated as a laminated plate, and the
distributed piezoelectric sensor and actuator layers are consid-
ered to be the plies of the laminated intelligent structure and to
be bonded perfectly to the surface of the substrate. The sub-
strate is a laminate of graphite/epoxy composite. The interac-
tions of the sensor and actuator layers with the substrate are
considered in the same manner as the interactions between two
laminae of the substrate. The present analysis will be helpful
for further analyses of intelligent structures of complicated
geometry and other boundary conditions using improved ap-
proximate techniques.
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Procedure for Solutions

Figure 1 shows a simply supported rectangular intelligent
structure on the xz plane. The length and breadth of the plate
are denoted by a and b, respectively. The top and bottom
layers serve as the distributed actuator and sensor, respec-
tively. The material of the distributed sensor and actuator is
the so-called piezoelectric polymer PVDF. The substrate is a
laminate of any number of layers of orthotropic materials.
The axes of elastic symmetry in the orthotropic layers are
parallel to the reference axes. The exact analysis of a lami-
nated-type intelligent structure requires determination of the
stresses, strains, and displacements at any point in any layer of
the structure satisfying all of the governing field equations,
stress-strain relations, and strain-displacement relations for
that layer subjected to known boundary conditions and inter-
face continuity conditions. The closed-form expressions for
the stresses and displacements for an orthotropic layer under
simply supported boundary conditions are available* and will
be directly used to show the performance of the distributed
piezoelectric sensor and actuator. Hence, only the expressions
for the stresses and displacements in the piezoelectric sensor
and actuator layers are derived and presented in the following.

The linear constitutive equations coupling the elastic and
electric fields in a piezoelectric medium are given by’

{D} = [e]"{e}) + [el{E)}

{o} = [Cl{e} - [el{E} (la)
where {D}, {E}, {€}, and {o} are the electric displacement,
electric field, strain, and stress vectors, respectively, and [C],
[e], and [€] are the elasticity, piezoelectric, and dielectric con-

stant matrices, respectively, with [e]” defined as the transpose
of [e].
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Fig. 1 Plate configuration.
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The piezoelectric constant matfix [e]T.and the dielectric
matrix [e] for the PVDF polymer are given by Cady,’ and
Tzou and Pandita’ as

0 0 0 0 e;s 0
el’=| 0 0 0 e, 0 O
e ep e3 0 0 0

(1b)
€11 0 0
feJ=] 0 e O
0 0 €33

The constitutive relations for the piezoelectric layers of the
intelligent structure are obtained from Eqs. (1a) and (1b) as

Gf = Clléf + Clzef + C13€7{“—831Ef
0§ = Clzef + C22€yk + Cz;é,{"—enE,{‘

Of = C13€,£c + nge,’,‘ + C33€,{(—e33Ezk

C44€}’fz - 824,E;c

Css€l — esEF

I

C“G,g,

A I L L

= elséfz + éuEf
Dyk = 824652 + ezzE)lf
D: = 2316;( + 832€/§ + 833€zk + €33E: ?)

where the superscript & denotes the layer number and for the
piezoelectric layers & takes the value 1 and N + 2, N being the
number of layers in the laminated substrate.

The two governing field equations® for a piezoelectric
medium are given in the following.

The stress equilibrium equations are

of,x + "fy.y + "l;z,z =0

T+ By + 0y =0

o+, vk, =0 (3a)
The charge equilibrium equation is

D} +Dj, +Dj; =0 (3b)

where the comma is followed by a quantity representing the
partial differentiation with respect to that quantity.
The strain-displacement relations are

M ek
o Y9y’ * oz
e vk awk o ouk aw*
ey:! T T T € ="+t
9z ay 0z ax
€ k a_uf _Qf_k 3c)
¥ 9y ox
and the electric field-potential relations are given by
) k k k
Ek=——¢- Ek____a_¢i_ Ek=_.a_¢_ (3d)

X ax b 'y ay ’ $4 az

where u* v¥ and w¥ are the mechanical displacement compo-
nents along the x, y, and z axes, respectively, in the kth layer,
and ¢* is the electric potential function.

Use' of Egs. (3¢c) and (3d) inb Egs. (3a) and (3b) yieldé
Critthye + (Crz + Ceg)v¥yy + (Cis + Cs)Wkye + Cegtiy,

+ Cssu¥y; + (€31 + e15)95 =0 “)
(Crz + Ceukyy + Cesvisx + Crv¥yy + (Cos + Cag)why,

+ Cuvky + (€352 + 20005, =0 (&)
(Ci3 + Css)u¥z + (Co3 + Cag)vly + Csswi

+ Cyywhy + esdb + endhy, + engl, =0 ©
(eis + e3ufer + eisWho + (€20 + €2)V5y: + 20wy,

+ enwky — €105 — ety — e, = 0 )

The solutions of Egs. (4-7) are sought for SS3 boundary
conditions,?® which translate into

ok = vk=wk=0
af:u":w":(} (8a)
x=0anda,andy =0and b

Also, the edges are suitably grounded so that the electric
potential at the edges are zero,! i.e., that

o*=0atx=0,aandy =0, b (8b)
The displacement functions and the electric potential func-
tion that exactly satisfy the boundary conditions (8a) and (8b),
respectively, have the form
u* = UK(z) cos px sin gy
vk = V¥(z) sin px cos qy
wk = W¥*(z) sin px sin gy
¢* = ®k(z) sin px sin gy )
where p = mu/a, g = nw/b, and m and n are nonzero in-
tegers. The results obtained here may be modified easily in the
more general case where Eq. (9) has a double Fourier series
representation with more than one combination of integers m
and n.
Following Pagano,* let us assume that
Uk, Vk, Wk, &%) = (U%, VO Wok §Ohetz (10)
where U%, V%, W% &% and ¢ are unknown constants.
Then, substitution of Egs. (9) and (10) in Eqgs. (4-7) yields the
following set of homogeneous algebraic equations in terms of
the unknowns U%, Yo% WO apd $%:
(Csst? — Crp? — Cesg)U% ~pq(Crz + Cee) V*
+ pt(Cy3 + Cs) W + pt(es, + 15)2% = 0 (11)
—pg(Ces + Cr)U% + (Cagt? — Cesp? — Cg)V*
+ qt(023 + Cu) Wok 4 qgt(es + 824)Q0k =0 (12)
—pt(Ci3 + Cs))U% — gt (Cy3 + Ca) V* + (C3st?
—Cssp?~ Cugq)IW + (e3t2 — e1sp? — eng?)®% = 0 (13)
—ptleys + e3))U% — gt (e + ex) V* + (es3t?

—espl—eugIW%* + (e1p? + eng? — e3tHP% =0 (14)
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Fig. 2 Distribution of in-plane stresses across the thickness without
prescribed electric potential on the surface of the actuator.
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Fig. 3 Distribution of in-plane stresses across the thickness with
preseribed electric potential on the surface of the actuator.

The piezoelectric material considered here is elastically
isotropic and biaxially polarized. A voltage or electric field
applied across the faces (perpendicular to the z axis) of the
plate results in longitudinal strains in both x and y directions
owing to the piezoelectric constants e;; and e;;. The other
constants e;s, ey, and es; are considered to be absent in the
medium.’? Since e;; = e;, and also ¢;; = e, = €33 (Tzou and
Tseng?), the relation between U% and V% may be obtained
from Egs. (11) and (12) as

yor =4 yok 1%
P

Equation (15) is now used in Eqs. (13) and (14) to obtain W0
and ®% in terms of U% as follows:

WOk = t(CIZ + C44)(p2 + q2) Ok
pIC\ 12— Cu(p? + g9
goc_ _ten@?+ 4
peu@r+q*-1)

(16)

amn

Finally, to find the nontrivial solution of U%, Egs. (15-17)

are used in Egs. (11) and the following polynomial equation is
v obtained:

AtS+ Bt*+ Ct2+ D =0 (18)
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where for the material considered the coefficients A, B, C,
and D are simplified as

A = — C;Cuerys B = C11(3Cuer + )2 + g%

C = — (3CuCuien + Cuei)(P* + g»?

D = ¢,Ci1Cu@? + ¢*) (18a)
Thus, from Egs. (18) and (18a) and the definitions of p and ¢
given after Eq. (9), it follows that the value of # depends on the
elastic, dielectric, and piezoelectric constants as well as on the
geometry and the integers m and n.

Equation (18) can be transformed into the standard cubic
equation as

E+gt+f=0 (19a)

with

2B* - 9ABC + 21A*D

f= 2743

(19b)

The solutions of Eq. (19a) depend on the sign of the quan-
tity Q given by

r2ogl
0=7+%

Here Q is positive for the material considered, and the
solutions of Eq. (19a) can be obtained as

(y +0), [—%(7+6)+i\/7§(7—5)},

1 \3
[—5('y+6)—i7(1~—6)] (20)

where

y=(A(-f+ WO, 8= h(-f-2/0)”

Substitution of Eq. (20) into Eq. (19b) yields the following six
roots of Eq. (18).

First pair: either =+ {fy+06— % > 0)
or i\ (if'y+6—£<0)
34
Second pair: +(a+iB)
Third pair: +(a—if)
where

>\={ B }

y+6——
1 b
a= (@ + b})" cos <5 tan~! —1>

3A
a

B = (a} + b})* sin <% tan~! ﬁ)

ay
B \3
a1=1/2(7+6)_’§ b1=7(7—5)

In the present case, the first pair of roots are real. Use of
these roots along with Eqs. (9), (10), and (15-17) leads to the
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general solutions of u*, v¥, wk and ¢* as follows: 10
o . . . \ 10Ty
u* = [(Fix cosh Az + Gy, sinh \g) + e*2(Fy, cos 8z St
+ G sin Bz) + e*4(Fy; cos 82— Gy sin 8z)] cos px sin gy I Rt
: o : T
vk = (g/p)[Fy cosh Az + Gy sinh Az) + e*(Fy cos iz A
. . . Py ]
+ Gy sin B2) + e ~*%(F3; cos Bz S ,"
o 3 -
— Gy sin 87)] sin px cos gy I;; SIS R
N ]
wk = [Q(Fy sinh Az + Gy, cosh Az) +'Q2e“"‘(F_2,c cos Bz -20 .':
] azb
+ Gy sin Bz) — Qre ~*(Fs; cos Bz— Gy sin 82) 25y ——v=o
; b v =100
+ Q3e°¥Gyi cos fz—Fy sin BZ) — Qse ~**(Gy; cos Bz 0t 0 20 30 40 30 80 70 80 90 100
+ Fy; sin Bz)] sin px sin qy s
Fig. 6 Maximum in-plane normal stress (5x) for various span to
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+ Gy sin 62) — Rye ~*(F3; cos BZ—G3k sin 32)

+ R3e4(Gy cos Bz—Fy sin Bz) — Rie ~%(Gy; cos Bz 100
+ Fy sin 82)] sin px sin gy ' 1)
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Fig. 7 Values of V to-make the midplane deflection zero for various
span to thickness ratios.
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. ’ . , evaluated from boundary conditions. Note that the subscript &
Fig. 4 Distribution of transverse normal stress across the thickness. also takes .the value for th.e ‘layer nun}ber‘ of piezoelectric
layers. Various other quantities appearing in Eqs. (21) are

defined as follows. ‘
0, - 2@’ +)(Ciz + Cu)
L=
PICuN — Cu(p? + )]

0, = (172 + g?(Cyy + Cyglexc; + Bdy)
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Fig. 5 Distribution of transverse shear stresses across the thickness.
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_ en(@? + q)(Bc, — ady)
enp(cs + d3)

d, =cub d= —b

R;

Finally, using the strain-displacement relations in conjunc-
tion with Eqs. (1a) and (21), the following expressions for
stresses and electric displacement are obtained:

ok = [(Fux cosh Az + Gy sinh \e)T; + Fa(T; cos 82
— T sin Bz)e** + Gy (T3 cos Bz + T, sin Bz)g“z
+ F3, (T cos Bz + T sin Bz)e =% + G (T3 cos Bz
— T, sin 8z)e ~%] sin px sin qy

0% = [(Fy cosh \z + Gy sinh A2)T, + Fy (T cos 2
— T sin Bz)e*® + Gy (T cos Bz + T sin Bz)e*
+ E3k(T5 cos Bz + T sin Bz)e =% + Gy (T cos Bz
— Ts sin Bz)e ~*] sin px sin qy

of = [(Fi cosh Az + le sinh A2)T; + F (T cos Bz
— To sin Bz2)e*? + Gy (T cos Bz + Ty sin Bz)e™=
+ Fy (T cos Bz + Ty sin Bz)e =% + Gy (T cos Bz
- Ts sin 82)e - “ﬂ sin px sin gy

o%, = [(Fix sinh Az + Gy cosh Az)Tyg + Fo (T3 cos Bz
— Ty, sin Bz)e** + G_Zk(Tu cos 3z + Ty sin B2)e*®
+ F3,.(T1; cos Bz + T3 sin Bz)e = + G (T3 cos B2
— Ty, sin Bz)e ~**] cos px sin gy

0%, = (@/P)[(Fi« sinh Az + Gyx cosh A2) Ty + F (T cos Bz
— T3 sin Bz)e™ + G (T2 cos Bz + Ty, sin Bz)e*
+ F3(Tyy cos Bz + Tz sin Bz)e ™% + Gy (T, cos Bz
— Ty, sin Bz)e""z] cos px sin qy

0%y = 2gCulFy; cosh Az + Gy sinh Az
+ e"‘z(Fz,; cos Bz + Gy sin Bz + e ~%Fy;, cos Bz
— Gy sin 82)] cos px cos qy

Df = [(Fyx sinh Az + Gy cosh A2) T3 + Far (T4 cos Bz
+ Tys sin 3;)e*?— Gy (T scos Bz — T4 sin Bz)e™
+ F3(Tha cos fz—Ts sin Bz)e ~ % — Gy (Tys5 cos Bz
+ Ty sin Bz)e ~*%] sin px sin gy (22)

where |
Ty = - pCu — (g*/P)Ciz + AQiCi3 + NRye3
T,= — pCy — (g*/p)Ci2 + Cis(aQz — BQ5)

+ es1(aR; — BR3)

T; = Ci3(aQs + BQ2) + esi(aRs + BRy)

Ty= — pCi— (g%/P)Cr + NQ1Co3 + AR €3,

Ts= — pCp, — (§*/P)Cx + Co3(aQ; ~ BQ3)
+ es(aRy— BRy)

Ts = Cox(@Qs — BQy) + ess(@Rs— BRy)

Ty = — pCi3— (g°/p) Cos + NQICs

Ty= — pCi3 — (§%/P)Cis + Cx(a Qs — BQ3)

To=Cu(@@s +8Q2)  Tio= Cu(n + pQy)

Ty = Cula + pQ») T2 = Ca(B + pQs)

T3 = — pes — (g*/p)es — e33NR,

Twy= — pesy — (q*/p)es — exs(aR; — BR3)

Tys = ess(@R; + BR3)

0-4
azb,sz4
v=0
03 |
= o
o 7
2 <
:E; 0-2
RN o
o
«
01
hz 40 um
0-0 i I L )
0-0 0-2 0-4 0-6 0-8 1-0

xia

Fig. 8 Distribution of induced electric potential on the surface of the
sensor along the length (y =5/2) of the plate without prescribed
electric potential on the surface of the actuator.
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The expressions for Df and D}f‘ are not given here and can
be obtained from the constitutive equations. As a check, the
derived expressions for stresses and electric displacements are
found to satisfy the governing Eqgs. (3a) and (3b).

In what follows, the boundary conditions for the top and
bottom surfaces-are discussed. Since the surfaces of the overall
structure are made of the piezoelectric material, both the
electrical and mechanical boundary conditions are to be pre-
scribed to evaluate the system behavior. In a piezoelectric
continuum, one may specify the electric potential or the free
charge density>!0 over the portions of the boundary. The
relation between the free charge density ¢ and the electric
displacement vector D,(r = x, y, z) on the surface of a piezo-
electric continuum is given by?®

+nD,=0 (23)

Here n, are the direction cosines of the unit normal to the
surface considered for the specification of free charge density.
Thus if we specify zero free charge density on the surface
normal to the z axis, then Eq. (23) yields zero value of D, on
that surface. This can be used as the boundary condition for
that surface. Therefore, the specification of boundary condi-
tions will determine the behavior of the piezoelectric layers
acting as a sensor and an actuator. Accordingly, the boundary
conditions for the overall structure can be taken as follows:

1) On the surface of the plezoelectnc layer that behaves as
an actuator

ot (oY, h) = qoy) o (6y,h) =0

ol 6y, h) =0 3'(x, 3, hy) = ®1(x,y) 4
where go(x,») and ®,(x,y) are the prescribed surface traction
and the electric potential distribution function, respectively.

2) On the surface of the plezoelectrlc layer that acts as a
sensor

G YN ) =0 oNT Gy AN 3) =0

o 2y n . 3) =0 DN (x,y,hn.3) =0 (25)

Also the following interface conditions must be satisfied:

26 y,h) =0 VT2, hn,) =0

w6y, e s 1) = u* 100 Y, e 4 1)
VRO i ) = vET 0y e s 1)
whCep, hics 1) = wE 000, b 1)
LACAN TRV ET AR AN |
ok Y e 1) = 5 16y By 1)
ok 6V, it 1) = 08 6. P ) (26)

whereink =1,2,3,..., N+ 1.

The expressions of stresses and dlsplacements for an or-
thotropic layer of a laminated plate obtained by Pagano*
contain six unknown constants. Also, the derived expressions
for the stresses, displacements, and electric potential functions
for each piezoelectric layer contain six unknowns. Thus, the
analysis of the overall structure requires solution of 6(NV + 2)
unknown constants. But the solutions need to satisfy eight
boundary conditions given by Eqs. (24) and (25) and (6N + 8)
interface conditions given by Eqgs. (26). Hence, the total num-
ber of conditions to be satisfied turns out to be greater than
the number of unknowns to be found. To introduce four

additional unknown constants, the expressions for v¥, and
ot (k =1 and N +2), given by Eqgs. (21) and (22), respec-
tlvely, are modified. Note that in performing this modification
the governing field equations are still satisfied. The results are

vk = {F cosh Az + Gy sinh Az + (g/p)le**(Fy cos Bz
+ G sin Bz) + e ~%(Fs; cos Bz
— Gy sin Bz)]} sin px cos gy
o, = {(Fu sinh Az + G cosh N\z)T'o
+ (q/p)[sz(Tn cos 3z — T, sin Bz)e™
+ GZ"(TIZ cos 3z + Ty sin fz)e™ + F(Tyy cos Bz
+ T sin B82)e ~*° + G3 (T3 cos Bz
— Ty, sin Bz)e ~*¢}} sin px cos gy (27)

Here, the additional unknown constants F; and Gy are intro-
duced as follows:

Fy = (@/P)Fx Gy =(q/P)Gik

With these modifications the system is now sufficient to solve
for the unknowns satisfying all the boundary and interface
conditions. Imposing the boundary and interface conditions
given by Egs. (24-26) oné can obtain the system response with
qolx,y) = o sin px sin gy, and ®(x,y) = V sin px sin gy, where
o(N/m?) and ¥V (volt) are constants. Note that once the un-
knowns are evaluated, one can use either the modified expres-
sions for v¥ and ok as given by Eqs. (27) or the expressions
derived earlier in Eqs (21) and (22) to obtain the layer-wise
system response. ) ’

Results

Specific results are presented for the intelligent plate, the
substrate of which is a three-layered (0/90/0 deg) bldlrectlonal
laminate made of graphite/epoxy composite.

Using the material properties for the piezoelectric layer
from Tzou and Tseng® and those for the orthotropic layers in
the substrate from Pagano,* and considering m = n = 1 in the
definition of p and g, the unknowns and the numerical results
are evaluated with distributed sinusoidal mechanical load and
with or without creating the electric potential distribution on
the actuator surface for different values of length to thicknes$
ratio, s ( = a/H, with H the thickness of the substrate).

Table 1 Comparison of substrate response for negligible # and
¥ =0 with that of an identical laminate obtained by Pagano¢

Source s b/a u*  w* of oy ok oy oA?
Present - .0097 .801  .534 .256 .2170 -—.0511
analysis 0094 199 _ 756 — 559 .0502
—.0097 801 .534 — 0511
Pagano4 4 1 0094 1.99 —.756 — .556 256 2172 0505
Present 14, | 4 0067 .47 +.539 +.181 .395 .0828 =.0214
analysis ;
Pagano* 100 1 +.0067 .47 +.539 =+.181 .395 .0828 =.0213
Present - .0143 1.14  .105 - .0268
analysis 0141 282 _10 —.12 351 033 pgy
—.0142 1.14  .109 — 0269

Pagano“ 4 3 0139 2.82 ~1.10 —.119 351 .0334 0261

st =5,a/2, b/2, £H/2), ot =5,a/2, b/2, H/6), 0} =50, b/2, 0),
0% =5,,(a/2, 0,0), 6% =5, 0, 0, xH/2), u*=a(0, b/2, £H/2), w*=wa/2,
5/2,0).
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Table 2 Response in the substrate of the square intelligent structure

s 14 ox o o5 ox; oy oxy u* w*
799 .532 —.051 —.0097
4 0 C'7sa _lssy 492 25 217 T T ooes 199
—29.29 —21.24 2706 .358
100 "% S5 —668 —3.625 —.910 o0 146 —31.56
.668 .406 —.038
¢ O _eso 418 497 31 169 T oie F.0082 124
-10.83  —8.155 .80 134
100 509 ‘oasp —309  —2033 210 o oo —10.17
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The results are nondimensionalized as
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where Eris the transverse Young’s modulus of the orthotropic
layers. '

If the thickness and weight of the piezoelectric sensor and
actuator layers are very much less than those of the substrate,
the static and dynamic behaviors of the substrate of an intelli-
gent structure without the applied voltage to the actuator do
not differ significantly from those of a structure identical to
the substrate under the same mechanical boundary condi-
tions.!! Hence, to check the numerical results, the mechanical
displacements and stresses in the laminated substrate of the
intelligent structure obtained without applied voltage to the
actuator are compared to those obtained by Pagano* for a
laminate identical to the present substrate for various values
of 5. The results are found to match very well (see Table 1)
when the thickness of the sensor and actuator layers are negli-
gibly small in comparison to the thickness of the substrate, say
0.0011% of that substrate. Next, taking the value of the
thickness of the sensor and actuator layers as 40um® and using
the value for the thickness of each layer of the substrate as 3
mm, the response of the substrate of the proposed intelligent
structure has been computed. These results are shown in Figs.
2-9 for s = 4 and in Table 2 for several values of s. Figures 2
and 3 illustrate the distribution of inplane stresses (dy, 5,, and
,y) in the layers of the laminated substrate without and with
the electric potential distribution on the actuator surface. It is
evident from these figures that the actuator counteracts the
mechanical loading. For example, the distribution of &, im-
plies that the top and bottom layers of the substrate undergo
bending mainly when ¥V =0 (Fig. 2). Due to the combined
action of ‘actuator and mechanical loading, these layers also
undergo bending predominantly but in a reverse way when
V =100 (Fig. 3). The maximum value of &, is more than 35
times of that at ¥ = 0. Since the fiber direction of the middle
layer of the substrate is along the y axis, the distribution of Gy
in the middle layer is significantly affected (Figs. 2 and 3).

Figures 2 and 3 also show that the actuator causes a significant
effect on the inplane shear in the layers of the substrate caused
by the mechanical loading alone. The maximum value of g, at
V = 100 in each layer increases to more than 50 times its value
at V' =0. For V =100 as the actuator tends to cause the
substrate to bend in a direction opposite to that caused by the
mechanical loading alone, the middle layer of the substrate
undergoes severe transverse compression (Fig. 4). The actua-
tor also induces transverse shear stresses in all the layers of the
substrate, as shown by the distributions of ,, and 5,, in Fig. 5.
Figure 6 shows the elasticity solution for maximum inplane
normal stress (G,) in the substrate as affected by the span to
thickness ratio of the substrate without and with the pre-
scribed electric potential distribution on the actuator surface,
respectively. This figure demonstrates that as the value of s
becomes smaller, the solution for a particular value of V
(V =100) deviates more from the solution obtained with
V = 0. The other results are also affected in the same manner
as given in Table 2. :
From the foregoing analyses it is apparent that for a given
value of s, and mechanical load acting on the intelligent square
plate, there exists a particular voltage of actuation for which
the midplane deflection is zero. Figure 7 illustrates such a
value of V necessary to make the deflection of the substrate
zero for a particular value of s. It is also established from the
figure that the effectiveness of the actuator increases as the
value of s decreases, since it is required to prescribe higher
electric potential on the actuator surface.as s increases. This
result may be due to the fact that for a given mechanical load
the stresses and deflections of a laminated plate decrease as the
span to thickness ratio of the plate decreases. It is also found
(not shown in Fig. 7) that the value of V necessary to obtain
the zero midplane deflection for very thin plate substrate (e.g.,
s = 100) is within the breakdown voltage (2000 V) for PVDF.
Finally, the capability of the sensor layer to sense the defor-
mations in terms of induced electric potential on its surface as
influenced by the deformation of the substrate is shown in
Figs. 8 and 9. The variation of the thickness of the sensor and
actuator layers within the commercially available range!? (9 u
to 0.5 mm) affects the elasticity solution negligibly (not pre-
sented here). But the induced electric potential on the sensor
surface varies considerably, as shown in Figs. 8 and 9.

Conclusions

The exact solutions for static analysis of a simply supported
rectangular plate-type intelligent structure is presented here.
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The structure is composed of a laminated substrate of
graphite/epoxy composite coupled with distributed sensor and
actuator layers of biaxially polarized piezoelectric polymer,
called PVDF. The actuator layer causes the layers of the
substrate to undergo bending, transverse compression, inplane
shear, and transverse shear deformations. The effectiveness of
the actuator layer increases with the decrease in the length to
thickness ratio of the substrate. The variation of the thickness
of the piezoelectric layers within the range of 9 u to 0.5 mm
affects the elasticity solutions negligibly. But the induced elec-
tric potential on the surface of the sensor varies considerably.
The procedure for the solutions can be employed to study the
performance of other piezoelectric materials such as lead zir-
conate titanate to act as sensor and actuator. The results can
be useful for the verification of the solutions obtained from
further analysis of an intelligent structure of complicated ge-
ometry subjected to other boundary conditions by approxi-
mate methods.
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used for various engineering design applications. You will gain an
understanding of design optimization of laminates without the
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burdent of unnecessary mathematical procedures. In addition to
simple graphic proceedures, you will be shown how to use a Linear
Integer Programming package (available for personal computers) for
stacking sequence design of laminates.

FAX or call David Owens, Phone 202/646-7447, FAX 202/646-7508 for more information.




